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5241: Proposed by Ovidiu Furdwi, Technical University of Cluj-Napoca, Cluj-Napoca,
Romania

Let @ > 0 be a real number. Calculate
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Solution 1 by Angel Plaza, University of Las Palmas de Gran Canaria , Spain

For x € [0,1], @ < 2™ 4+ a. Therefore,
1 n 1 n
lim ( / Va d:z:) < lim ( / Van + a dl’)
1 n
a < lim (/ V" + « dT) .
0

N

A

n—o0

On the other hand, since function y = z™ is convex for n > 1, by Jensen’s inequality
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Solution 2 by Arkady Alt, San Jose, CA

1
Let a,, = / Va™ + adx. Note that lim a, = 1.
0 n—oo

Indeed, we have
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Since lim a” = lim "™ we will find lim nlna,,.
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lim (a, —1) = 0 we have
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Thus, it suffices to find Jim n (an

Since

n(a,—-1) =
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n—,oo

then it remains to find

By the Mean Value Theorem
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Hence,
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where 0 € (o, 2" + o).
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and, therefore,
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by the Squeeze Principle,
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Thus, .
nh_)rglo (/01 {’/mdx) =" = q.
Solution 3 by Anastasios Kotronis, Athens, Greece
1. For a = 0 the limit is trivially 0 = a.
2. For a > 0. We set I" = (fol {’/x”——kad:z)n = exp (nln (fol {’/x”——kad:v» = efn,
Now, considering that n € [1, +00), since 0 < /2™ +a < 1+ a and

Y ta "ZE° 1forx € [0, 1], by dominated convergence theorem we get that

I, — 1, thus InI,, — 0.

Furthermore, by Leibniz’s rule we have that for n > 1

1 1 —n (nax"Inz — (z" "
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We also have that
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by the dominated convergence theorem it is —n 8_n — Ina.
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Now applying De I’ Hospital’s rule we get

In 1 In I, I
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so the required limit in each case is a.
Solution 4 by Adrian Narco, Polytechnic University, Tirana, Albania

The function, f(z) = V2" +a = (2" + a)%, is strictly increasing and everywhere
continuous on [0; 1], thus we can apply the mean value theorem for integral, that is,

3=

306(0;1):/(;1 Var+adx = f(e)(1—-0)=("+a)
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